We consider a system of two separate finite-buffer M/M/1 queues served by a single server, where the switching mechanism between the queues is thresholdbased, determined by the queue which is not being served. Applications may be found in data centers, smart traffic-light control and human behavior. Specifically, whenever the server attends queue i (Q i ) and the number of customers in the other queue, Q j (i, j = 1, 2; j = i), reaches its threshold level, the server immediately switches to Q j whenever Q i is below its threshold. When a served Q i becomes empty we consider two scenarios: (i) non-work-conserving; and (ii) work-conserving. We present occasions where the non-work-conserving policy is more economical than the workconserving policy when high switching costs are involved. An intrinsic feature of the process is an oscillation phenomenon: when the occupancy of Q i decreases the occupancy of the other queue increases. This fact is illustrated and discussed. By formulating the system as a three-dimensional continuous-time Markov chain we provide a probabilistic analysis of the system and investigate the effects of buffer sizes and arrival rates, as well as service rates, on the system's performance. Numerical examples are presented and extreme cases are investigated.
Introduction
We study a two-queue finite-buffer polling-type system with a threshold-based switching policy (see Fig. 1 ). However, in contrast to other models, switching instants from one queue to another are determined by the state of the queue which is not being served. That is, when the server attends queue i (Q i ), i = 1, 2, it serves the customers there until the first moment thereafter when the number of customers in Q j ( j = 1, 2, j = i) reaches its threshold level. At that instant the server immediately switches to Q j (preemptive policy), unless the number of customers in Q i is greater or equal to the threshold level there. In the latter case the server remains in Q i until the number of customers there is reduced below the threshold level, and only then it switches to Q j . The server will remain in Q j following the same switching policy, and so on. When a served Q i becomes empty we consider two switching scenarios: (i) nonwork-conserving: the server remains in Q i until Q j reaches its threshold level, and (ii) work-conserving: the server immediately switches to Q j if it is not empty. Although the work-conserving scenario seems more efficient, we present cases where it is less economical when high switching costs are involved. For each queue i, i = 1, 2, we assume that the queue capacity is C i < ∞, so that a customer arriving at Q i and finds C i customers there, leaves the system never to return. Customers arrive at Q i according to a Poisson process with rate λ i and the service time there is exponentially distributed with mean 1/μ i . The processes are independent. The threshold levels are K 1 ≤ C 1 for Q 1 , and K 2 ≤ C 2 for Q 2 . To keep the presentation more tractable, we provide analysis for the case where the threshold level in each queue equals the full capacity of the queue, namely, K 1 = C 1 and K 2 = C 2 . The analysis when K 1 < C 1 and/or K 2 < C 2 can be performed in a similar manner, although the details become more cumbersome. Moreover, our numerical results show that for sufficiently large values of the thresholds and buffer capacities, the values of the buffer capacities have very little effect on the system performance. The cases when C 1 or/and C 2 are infinite are currently under investigation by the authors.
One application of such a model arises in data centers, where a rack of discs requires a special attention when the amount of recorded data exceeds a certain limit (threshold), causing an inefficient operation that calls for a clean up action. Another motivation for such systems is an automated traffic-light control that regulates the traffic of vehicles crossing an intersection. The traffic-light alternates right-of-way priority between two directions as follows: when one direction has the right-of way and the accumulating number of cars in the other direction reaches a threshold, the right-of-way is transferred to the latter direction, and vice versa. In fact, human beings behave in a similar manner: while working on a given task they let the load of other tasks pile up. Only when the amount of work of another task exceeds a threshold, they switch their attention to that task.
Finite-buffer polling systems with threshold-based switching policy Polling systems have been studied extensively in the queueing literature mostly for unbounded-buffer systems (Boon et al. 2011; Takagi 1986; Yechiali 1993 ; and references there). Threshold-based polling systems with unbounded buffers were also treated in the past (Lee and Sengupta 1993; Haverkort et al. 1994; Boxma et al. 1995a, b; Lee 1996; Avram and Gómez-Corral 2006) . Lee (1996) considered a singleserver two-queue model, where a high-priority queue is served exhaustively and a low-priority queue follows a k-limited service policy. Lee and Sengupta (1993) analyzed a system where customers of each queue are served alternately unless the queue length of the high-priority queue exceeds a certain threshold. Then, only the highpriority customers are served until the queue length there reduces back to the threshold level. A variant of the latter model was studied by Haverkort et al. (1994) : once the threshold is exceeded, the server serves the high-priority queue exhaustively. Boxma et al. (1995a, b ) studied a similar model in which queues are being served exhaustively unless a certain threshold level is reached. In those studies service times are assumed to be exponentially distributed. In Boxma et al. (1995a) the service process at queue 2 is preemptively interrupted whenever the threshold at queue 1 is reached, while in Boxma et al. (1995b) it is nonpreemptively interrupted. The latter case was extended by Boxma and Down (1997) to the case where service times are generally distributed, and was further examined by Avram and Gómez-Corral (2006) where the main objective is to investigate the solution of a dynamic programming optimality equation.
In the current work, our aim is to determine the joint distribution function of the queue size process. To this end we formulate the system as a three-dimensional continuous-time Markov chain and study its steady-state behavior by applying two solution methods: (i) probability generating functions (PGFs), and (ii) matrix analytic approach. We present a full analysis of the non-work-conserving scenario, and discuss briefly the details of the work-conserving scenario. The two scenarios are compared numerically. Moreover, such a model exhibits oscillations, whose nature depends on the relative values of the various parameters: when the occupancy of Q i decreases the occupancy of the other queue increases. Vivid examples of oscillations between two queues are presented in Coffman et al. (1995) (C.P.R) and in Arazi et al. (2005) . However, there is an important difference between the work of C.P.R and the present model. In the former heavy load regime is needed for appearance of oscillations, whereas in this work, the oscillations manifest themselves when the values of the thresholds are sufficiently large irrespectively of the system load. Investigating these oscillations led to an observation that the dynamics of the system converges to a periodic behavior when the threshold values, K 1 for Q 1 and K 2 for Q 2 , are large. We leave the probabilistic analysis of this convergence for future research. A recent work, still in progress, by Jonckheere, Nazarathy and Rojas-Nandayapa may provide a good base for the fluid analysis of the considered system.
The structure of the paper is as follows: in Sect. 2 we consider the non-workconserving scenario. In Sect. 2.1, we define the system as a three-dimensional Markovian process and develop the system's balance equations. Consequently, in Sect. 2.3 we construct the corresponding marginal PGFs. The solution of the PGFs is obtained by solving two finite linear systems of the form A(z) G(z) = P(z) and B(w) F(w) = (w), where G(z) and F(w) are vector functions of the sought-for PGFs; A(z) and B(w) are finite square matrices with entries constructed from the parameters of the system; and P(z) and (w) are finite-dimensional vectors consisting of unknown boundary probabilities (Litvak and Yechiali 2003; Yechiali 2008, 2013a, b) . We show how to calculate the boundary probabilities determining the PGFs by deriving explicit closed-form combinatorial expressions for the determinants of A(z) and B(w). We are not aware of any previous relevant studies that obtained such explicit expressions. In Sect. 2.4, we use a matrix analytic approach to solve the two sets of balance equations constructed in Sect. 2.1. It follows that the generator matrix defining the process differs from the classical quasi birth-and-death (QBD) processes generators. Although the three-dimensional finite set of balance equations can be solved numerically, we present an algorithmic-type method to compute the steadystate probabilities. We use this approach since traditional matrix geometric methods (Neuts 1981; Latouche and Ramaswami 1999) usually address infinite-dimensional systems, while truncation methods for infinite-dimensional systems (Bright and Taylor 1995) , are not relevant here. Our analysis leads to the calculation of certain matrices defined by combinatorial expressions resembling the combinatorial expressions derived for the determinants of A(z) and B(w) associated with the PGFs. Furthermore, we are able to reduce the Kolmogorov set of 2(K 1 + 1) × (K 2 + 1) linear equations to a set of K 1 + K 2 + 2 linear equations in the K 1 + K 2 + 1 unknown boundary probabilities, by which all other probabilities are calculated. In Sect. 3, we discuss the second switching scenario, while in Sect. 4 we present numerical results. Section 5 deals with extreme cases. The oscillation phenomenon is presented and discussed in Sect. 6, where the two scenarios are also compared. Section 7 concludes the paper. (t) . Let I (t) = 1 if the server attends Q 1 at time t, and I (t) = 2 if the server attends Q 2 (I = lim t→∞ I (t)). The triple (L 1 (t), L 2 (t), I (t)) defines a non-reducible continuous-time finite Markov chain, with transition-rate diagram depicted in Fig. 2 (the numbers 1 or 2 appearing next to each node indicate whether I = 1, or I = 2, respectively. Each box (k, n) depicts both the state where I (t) = 1 and the state where
, denote the steady-state probabilities of the system state. Then, the sets of balance equations, for I = 1 are given bellow. For I = 2 the equations are symmetrical.
Define the following marginal probabilities
3), we arrive at
Indeed, Eq. (2.4) states that the average switching rate from state I = 1 to state I = 2 [left hand side of (2.4)] is equal to the average switching rate from state I = 2 to state I = 1 [right hand side of (2.4)].
Idleness and carried loads
Summing over n each equation for k in the set (2.1)-(2.3) for I = 1, together with the corresponding set for I = 2, we get, after rearranging terms,
Now, summing (2.5) over all k, 0 ≤ k ≤ K 1 − 1, and rearranging terms we obtain
Similarly,
where for every i = 1, 2, λ e f f i
is exactly the mean carried load at Q i , i = 1, 2. Summing (2.7) and (2.8) we obtain
(2.9) Equation (2.9) states that the proportion of time the server is idle, i.e., resides in an empty queue [LHS of (2.9)] equals one minus the proportion of time the server is busy [RHS of (2.9)].
Generating functions
Define, for each 0 ≤ k ≤ K 1 , and 0 ≤ n ≤ K 2 , the probability generating functions (PGFs) for states I = 1 and I = 2, respectively: (2) w k . Multiplying by z n each equation for n in the sets (2.1)-(2.3), summing over n, and rearranging terms we get
The sets (2.10)-(2.13), and the corresponding set for F n (w), 0 ≤ n ≤ K 2 , comprise two systems of linear equations of the form
where the column vectors G(z), P(z), F(w) and (w), and the matrices A(z) and B(w) are defined as follows:
To obtain G k (z) and F n (w) we use Cramer's rule, i.e., for every 0
where |A| is the determinant of the matrix A and A k (z) is the matrix obtained from A(z) by replacing its kth column by P(z). Similarly, (z) and (w) . In order to find P(z) and (w) we need to find K 1 + K 2 + 2 equations relating those K 1 + K 2 + 2 unknowns. We do that in the next subsection by characterizing and using the roots of |A(z)| and |B(w)|. Since G k (z) and F n (w) are probability generating functions, defined in our finite state space model for all reals z and w, each root of
Remark 2.1 It should be noted that, in our specific model, the matrix A(z) can be presented as A(z) = A − λ A I , where λ A = λ 2 z and A is a tridiagonal Jacobi matrix [see e.g., Da Fonseca (2006)] with a constant element along the upper diagonal and another constant along the lower diagonal. A is given by
Clearly, the roots of the equation |A(z)| = 0 coincide with the roots of |A − λ A I | = 0. Thus, the various eigenvalues of the matrix A (divided by λ 2 ) are the roots of the polynomial |A(z)| = 0. The same holds for the matrix B(w). Note that this relation to eigenvalues does not occur in other studies where roots of the polynomial |A(z)| = 0 are sought [see e.g., Litvak and Yechiali (2003) ; Yechiali (2008, 2013a) ].
Derivation of the boundary probabilities
Proof Let q 0 (z) = 1. Define the minors of the diagonal of A(z), starting from the higher left side corner, as follows [see also Usmani (1994) ]:
14)
The polynomials q k (z), 1 ≤ k ≤ K 1 + 1, satisfy the following recursions:
( 2.15) From (2.14) and (2.15) we conclude that 1. By definition, q 0 (z) = 1 and therefore has no roots. 2. q k (z) and q k+1 (z) have no joint roots in (0, ∞). Otherwise, suppose they have a joint root, then it would also be a root for
From the above we conclude that q 1 (z) has only one root,
is of degree 3 and therefore can have no more than 3 distinct roots. Also
q K 1 +1 (z) has K 1 + 1 roots, where z K 1 +1,1 = z * = 1 is one of them. From the above we have another
This completes the proof of Theorem 2.1.
Theorem 2.2 For any λ
Proof The proof is identical to the proof of Theorem 2.1.
To find the K 1 + K 2 + 2 unknown probabilities appearing in P(z) and (w), we use the K 1 distinct roots in the open interval (1, ∞) of the polynomial |A(z)| and the K 2 distinct roots in the open interval (1, ∞) of the polynomial |B(w)|, which provide us with K 1 + K 2 equations for those probabilities. Another equation is (2.4), and the last one is provided by using the fact that
n=0 F n (1) = 1. Thus, we have a set of K 1 + K 2 + 2 linearly independent equations in the K 1 + K 2 + 2 unknown probabilities [see e.g., Litvak and Yechiali (2003) ; Yechiali (2008, 2013a) ; Perel and Yechiali (2013b) ]. Once the above K 1 + K 2 + 2 probabilities are calculated, the PGFs are completely determined.
Remark 2.2
We note that the polynomials q k (z), 1 ≤ k ≤ K 1 + 1, are usually used to show that the roots of the determinant of the matrix A(z) exist, and are inside or outside the (0, 1) interval. We are not aware of a case where the polynomials were explicitly calculated. In our case we are able to derive explicit closed-form expressions for these polynomials.
Theorem 2.3 For every
16) where for all k ≥ 0, k l = 0 for every l < 0, and l > k. Proof The proof is given in the Appendix.
Corollary 2.1 The polynomial q K
(2.17)
Proof By substituting Eqs. (2.16) in (2.15) once for k = K 1 , and then for k = K 1 − 1.
By symmetry we have the following:
The mean total number of customers in Q i , i = 1, 2 is obtained by
P(I = 1) and P(I = 2) are obtained by
21)
, and P(I = i), i = 1, 2, are calculated numerically in Sect. 4.
Matrix analysis
We define a non-reducible Markov chain 
23) where 0 is a matrix of zeros, and the sub-matrices in Q are the following: A 0 1 , A 0 , A 2 and A 1 are each of size
are each of size K 1 × (K 2 + 1) and B K 2 3 is of size (K 1 + 1) × (K 2 + 1). They are given by 
We emphasize that the structure of the matrix Q is different from the structure of a classical QBD process generator matrix. Usually the generator matrix of a QBD process has at most 3 non-zero block-diagonals and all other entries are zero. In this case, the matrix Q has 3 non-zero block-diagonals (appearing in the matrices A and B) and in addition two non-zero columns, A 3 and B 3 as in (2.23).
Define the steady-state probability vector P = P 1 0 , P 1 1 , . . . , P 1
, where
Then the steady-state probability vector satisfies P Q = 0. Specifically, we have
Clearly, one can solve directly (numerically) the set (2.24) (including the normalization equation,
, where e is a vector of 1's). This requires some computational effort. We indicate again that in contrast to most analytic methods in Queueing Theory that treat cases where at least one of the process dimension is infinite, our case is finite in all its dimensions. Thus traditional matrix geometric methods are not directly applicable here. In addition, truncation methods seem unnecessary here. Therefore, we present an alternative algorithmic-type method to ease the required computational effort. For this aim, we borrow from the ideas pre-sented by De Nitto Personè and Grassi (1996) and modify them to our purposes due to the special structure of the matrix Q. We claim:
Theorem 2.4 The following equation holds:
P 1 k = P 1 0 C k , 1 ≤ k ≤ K 1 − 1,(2.
25)
where for all
Proof The proof is given in the Appendix.
Theorem 2.5
The following equation holds:
26)
Proof The proof is identical to the proof of Theorem 2.4.
From Theorem 2.4 we have that P 1 k , 1 ≤ k ≤ K 1 − 1, are expressed in terms of the probability vector P 1 0 , and from Theorem 2.5 we have that P 2 n , 1 ≤ n ≤ K 2 − 1, are expressed in terms of the probability vector P 2 0 . Therefore, the solution of (2.24) can be calculated by solving only the following reduced linear system:
Therefore, instead of solving tediously the set of linear equations (2.24), it is enough to calculate the matrices C k , 1 ≤ k ≤ K 1 − 1 and D n , 1 ≤ n ≤ K 2 − 1, and solve the set of linear equations (2.27) with the normalization equation, P 1 0
K 2 e = 1, which yields the set of sought-for probability vectors P 1 0 , . . . , Proof The proof is given in the Appendix.
Theorem 2.6 For every
0 ≤ k ≤ K 1 − 1, C k is of the form C k = −1 μ 1 k k 2 l=0 (−λ 1 μ 1 ) l k −1−l l A 0 1 (A 1 ) k−2l−1 + k −1−l l − 1 (A 1 ) k−2l ,(2.
Remark 2.3
Notice the similarity in structure of Eqs. (2.16) and (2.28).
Theorem 2.7 For every
0 ≤ n ≤ K 2 − 1, D n is of the form D n = −1 μ 2 n n 2 l=0 (−λ 2 μ 2 ) l n−1−l l B 0 1 (B 1 ) n−2l−1 + n−1−l l − 1 (B 1 ) n−2l .
(2.29)
Proof The proof is similar to the proof of Theorem 2.6
Scenario 2: work-conserving policy
We now briefly present the work-conserving switching scenario: if a served Q i becomes empty, the server immediately switches to Q j if the latter is not empty. The transition-rate diagram of the triple (L 1 , L 2 , I ) for this scenario is depicted in Fig. 3 . The balance equations here are similar to those of Scenario 1, and therefore the details are omitted from the presentation. Equation (2.4), equating the switching rates between the queues, becomes
Notice that in this case a switch occurs also when the served queue becomes empty and the non-served queue is not empty. Repeating the algebra in Sect. 2.2, we arrive at
Matrix analysis for scenario 2
We define a non-reducible Markov chain (L 1 (t), L 2 (t), I (t)) with a finite state space S = {(k, n, i)| 0 ≤ k ≤ K 1 ; 0 ≤ n ≤ K 2 ; i = 1, 2} under a different order S = {(0, 0, 1),(0, 0, 2),(1, 0, 1), (2, 0, 1) , . . . , (K 1 , 0, 1) ; (0, 1, 2), (1, 1, 1), (1, 1, 2) , . . . , (K 1 −1, 1, 1),
}. This lexicographic order leads to a different generator matrix Q from which all steady-state probability vectors can be calculated (details are omitted). The two scenarios are compared numerically in the next sections. 
Numerical examples
Define P loss (i) = P(arriving customer is lost in Q i ), i = 1, 2, and S R ≡ average switching rate between the queues. Tables 1, 2, 3 and 4 exhibit numerical results when K 1 = 10 for different values of λ 1 , λ 2 , μ 1 , and μ 2 . In Tables 1, 2 , K 2 = 3, while in Tables 3, 4 , K 2 = 8. Tables 1 and 3 relate to Scenario 1, while Tables 2 and 4 relate to Scenario 2. Tables 1, 2, 3 and 4 are constructed as follows: the first row gives a set of basic values of the four parameters λ 1 = 1, λ 2 = 1, μ 1 = 5 and μ 2 = 5, and the calculations of the resulting performance measures. The second, third, fourth, and fifth rows give, respectively, the values of the measures when in each row only one of the parameters is changed. Row six gives another set of basic parameters, λ 1 = 4, λ 2 = 4, μ 1 = 2 and μ 2 = 2, and the following rows give the corresponding results. Non-work-conserving Table 2 Numerical results for K 1 = 10 and (2) , for almost all cases, unless μ 2 becomes relatively large.
In Sect. 6, we will further discuss the above numerical results together with those presented in the following section that analyzes extreme cases. In addition, in Sect. 6 we exhibit graphically the oscillation phenomenon occurring in this two-dimensional stochastic process.
Finite-buffer polling systems with threshold-based switching policy Table 3 Numerical results for K 1 = 10 and Non-work-conserving Table 4 Numerical results for K 1 = 10 and 
Extreme cases
Due to the symmetry between the queues, we investigate only the influence of extreme values of λ 1 and μ 1 , as they reach 0 or ∞, on the system's performance measures
, and S R. We first address extreme cases which lead to identical system structure in the two scenarios, and then we address extreme cases which lead to different system structures. Numerical results for the case where K 1 = 10 are presented in Tables 5, 6 , 9 and 10 (change in λ 1 ), and in Tables 7, 8, 11 and 12 (change in μ 1 ). In Tables 5, 6 , 7, and 8 we set K 2 = 3, while in Tables 9, 10 , 11, and 12, K 2 = 8. Table 5 The impact of λ 1 (when λ 2 = 4, μ 1 = 7, μ 2 = 7, K 1 = 10 and Non-work-conserving Table 6 The impact of λ 1 (when λ 2 = 4, μ 1 = 7, μ 2 = 7, K 1 = 10 and K 2 = 3) Work-conserving Table 7 The impact of μ 1 (when λ 1 = 4, λ 2 = 4, μ 2 = 7, K 1 = 10 and Non-work-conserving λ 1 → 0 In this case it is clear that, in both scenarios, P(L 1 = 0) = 1; Hence, P(I = 1) = 0 and P(I = 2) = 1. Therefore, Q 2 operates as an
, and Work-conserving Table 9 The impact of λ 1 (when λ 2 = 4, μ 1 = 7, μ 2 = 7, K 1 = 10 and K 2 = 8) Non-work-conserving Table 10 The impact of λ 1 (when λ 2 = 4, μ 1 = 7, μ 2 = 7, K 1 = 10 and K 2 = 8) This case is also straightforward and identical in both scenarios: P(I = 1) = 1 and P(I = 2) = 0. Therefore, P(L 1 = K 1 ) = 1 and P(L 2 = K 2 ) = 1, P loss (1) = 1, and P loss (2) = 1. λ 1 → ∞ In both scenarios, whenever λ 1 → ∞, Q 1 is always at its maximum capacity, meaning L 1 ≡ K 1 and P loss (1) = 1. In such a case, the server serves the customers of Q 1 until the number of customers in Q 2 reaches its maximum value, K 2 . Then, once Table 11 The impact of μ 1 (when λ 1 = 4, λ 2 = 4, μ 2 = 7, K 1 = 10 and K 2 = 8) Non-work-conserving Table 12 The impact of μ 1 (when λ 1 = 4, λ 2 = 4, μ 2 = 7, K 1 = 10 and K 2 = 8) Work-conserving the server completes the service of a customer at Q 1 , it immediately switches to Q 2 . Before service completion there, an arrival to Q 1 will occur, causing a switch back to Q 1 , once service at Q 2 ends. Hence, the only possible states with non-zero probabilities 2) . The sets of balance equations are reduced to
Solving (5.1) we arrive at
Finite-buffer polling systems with threshold-based switching policy Fig. 4 The case μ 1 = 50 from Table 11 Hence,
Note that the capacity of Q 1 , K 1 , does not affect the results.
The next extreme case leads to a different system structure in each of the switching scenarios. μ 1 → ∞ In Scenario 1, if μ 1 → ∞ then, whenever the server is at Q 1 , it immediately reduces the number of customers there to 0, and will remain at Q 1 until the first moment when the number of customers in Q 2 reaches the threshold K 2 . The server stays in the latter queue until the number of customers in Q 1 reaches the value K 1 . Then, when Q 2 reduces below its threshold, K 2 , the server will switch to Q 1 and immediately reduce the occupancy there to 0. Hence,
In Scenario 2, if μ 1 → ∞ the server empties Q 1 instantaneously and switches to Q 2 , given that the latter is not empty. Therefore, P(I = 1) = P 00 (1). The server stays in Q 2 until Q 1 reaches its threshold and Q 2 is below the threshold K 2 . Still, in both switching scenarios the proportion of time the server resides in Q 1 is not 0 (see Tables  7 , 8, 11 and 12) , and in both scenarios P loss (1) = P K 1 K 2 (2), and P loss (2) = P •K 2 (2). The two-queue process is subject to an oscillation phenomenon: when the occupancy of Q i decreases, the occupancy of the other queue increases. This feature is illustrated in Fig. 4 , where we simulate a rather typical case presented in Table 11 with μ 1 = 50. The periodicity pattern revealed in Fig. 4 is further discussed in Sect. 6. Fig. 6 The case μ 1 = 50 from Table 11 with K 1 = 1000 and K 2 = 800 exhibits periodicity. We conjecture that the two-queue process converges to a periodic process as the threshold values increase. There is another important observation in the case of large thresholds. When the thresholds are large, there is practically no difference between the cases K i = C i and K i < C i . Yet, the limiting case C i → ∞, resulting in an unbounded two-dimensional process, is further being investigated by the authors.
Comparison between the scenarios
Assume that every time unit a customer resides in the system (whether in Q 1 or in Q 2 ) costs C RES units of money, and that every server switch-over from Q i to Q j , i = j, costs C SR units of money. Then, we define the mean cost per unit of time
We now exhibit cases where Scenario 1 is economically preferable than Scenario 2.
Figures 7 and 8 depict two graphs presenting the change in E[C] as a function of λ 1 and as a function of μ 1 , respectively, for both scenarios. In Fig. 7 all other parameters assume the following values: Fig. 8 all other parameters assume the following values:
It is seen that, for the above set of parameters, the non-work-conserving switching policy is more economical than the work-conserving switching policy.
Discussion
1. In all numerical calculations presented in Sects. 4 and 5, the average switching rate between the queues (the parameter S R) is always smaller in the non-workconserving scenario than in the work-conserving scenario, and when μ 1 → ∞ this phenomenon becomes highly significant. See Tables 7 and 11, as opposed to  Tables 8 and 12 , respectively.
Conclusions
In this paper, we studied a two-queue finite-buffer polling-type system with a threshold switching policy. In contrast to other threshold-policy studies, the server determines its switching instants according to the size of the queue which is not being served.
Employing both PGFs and matrix analytic approach, we derived the joint and marginal steady-state probabilities of the system's state. The solution of the PGFs was obtained by solving two finite sets of linear systems of the form A(z) G(z) = P(z) and B(w) F(w) = (w), respectively, where G(z) and F(w) are each a vector whose entries are the sought-for PGFs. A(z) and B(w) are finite square matrices with entries constructed from the parameters of the system. P(z) and (w) are finite-dimensional vectors consisting of unknown boundary probabilities. We constructed a procedure to calculate the boundary probabilities determining the PGFs by deriving explicit closedform combinatorial expressions for the determinants of A(z) and B(w). We are not aware of any previous relevant study that obtained such explicit expressions. Using the matrix analytic approach revealed that the generator matrix defining the process differs from the classical generators of QBD processes, and therefore the analysis required the calculation of certain matrices defined by combinatorial expressions resembling the combinatorial expressions derived for the determinants of A(z) and B(w), appearing in the analysis via PGFs. In addition, we considered two switching scenarios: work-conserving and non-work-conserving. For each scenario we calculated the mean number of customers present in each queue and the mean sojourn time; the proportion of time the server spends in each queue; the proportion of lost customers; and the server's average switching rate between the queues. A comparison between the two scenarios was presented, and it was shown that the non-work-conserving scenario may be economically better when high switching costs are involved. We also observed that the dynamics of the system converges to a periodic behavior when the threshold levels are large. A formal justification of this observed phenomenon is possibly a future research direction. Other future research directions are the limiting cases when the buffer capacities tend to infinity and the presence of non-zero switching times. It is expected that non-zero switching times can have similar effect as switching costs and provide one more raison d'être for the non-work-conserving policy.
This completes the proof.
Proof of Theorem 2.4
Proof We will proceed by induction over k. First we note that A 2 = diag (μ 1 ), so that, A −1
. In addition, A 0 = diag (λ 1 ) = λ 1 I K 2 . Now, from (2.24) we have Suppose that the proposition holds for all values up to some k − 1, where 1 ≤ k − 1 ≤ K 1 − 2. We will show that it holds for k ≤ K 1 − 1. From (2.24) we have Therefore P 1 k = P 1 0 C k , where C k = − 1 μ 1 (λ 1 C k−2 + C k−1 A 1 ). This completes the proof.
Proof of Theorem 2.6
Proof Similarly to the proof of Theorem 2.3, we proceed by induction over k.
For k = 1,
For k = 2,
We now prove that the proposition holds for any k. Suppose k = 2i + 1 (the case for even values, k = 2i, is presented in the proof of Theorem 2.3), 
